Contrary to many other translationally invariant one-dimensional models, the low-temperature phase for an attractively interacting one-dimensional Bose-gas (a quantum bright soliton) is stable against thermal fluctuations. However, treating the thermal properties of quantum bright solitons within the canonical ensemble leads to anomalous fluctuations of the total energy that indicate that canonical and micro-canonical ensembles are not equivalent. State-of-the-art experiments are best described by the micro-canonical ensemble, within which we predict a co-existence between single atoms and solitons even in the thermodynamic limit -contrary to strong predictions based on both the Landau hypothesis and the canonical ensemble. This questions the use of temperatures to describe state-of-the-art bright soliton experiments that currently load Bose-Einstein condensates into quasi-one-dimensional wave guides without adding contact to a heat bath. The experimental realization [1, 2] of a box potential opens new doors in investigating translationally invariant systems of ultra-cold atoms. For ideal gases in one-dimension there is no Bose-Einstein condensate (BEC), whereas the presence of a harmonic trap leads to a quasi-condensate [3] . For attractively interacting Bose gases, the ground state is a weakly bound molecule, a matter-wave bright soliton. Some of its properties are remarkably different from those of BECs: as we will see below, there is no off-diagonal long-range order. Thus, mathematical theorems about the non-existence [4, 5] of offdiagonal long-range order do not lead to additional physical insight for this model system.
The experimental realization [1, 2] of a box potential opens new doors in investigating translationally invariant systems of ultra-cold atoms. For ideal gases in one-dimension there is no Bose-Einstein condensate (BEC), whereas the presence of a harmonic trap leads to a quasi-condensate [3] . For attractively interacting Bose gases, the ground state is a weakly bound molecule, a matter-wave bright soliton. Some of its properties are remarkably different from those of BECs: as we will see below, there is no off-diagonal long-range order. Thus, mathematical theorems about the non-existence [4, 5] of offdiagonal long-range order do not lead to additional physical insight for this model system.
Matter-wave bright solitons have been experimentally generated for ultracold atomic gases in quasi-one-dimensional wave guides for attractive interactions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and, in the presence of an optical lattice, also for repulsive interactions [16] . For dark solitons [17] , developing a complete understanding by modeling them on the many-particle quantum level [18] [19] [20] [21] [22] [23] is crucial. The same is true for bright solitons. We note that quasi-one-dimensional wave guides provide thermalisation mechanisms [24] .
When modeling the statistical physics, experiments with ultra-cold atoms arguably are best described by the microcanonical ensemble (MCE, with fixed total energy E and fixed particle number N [25] ). As long as the different ensembles are equivalent one can choose a simpler ensemble, such as the canonical ensemble (CE, which allows the energy to fluctuate; while the particle number N still is fixed, we now have the temperature T as a thermodynamic variable [25] ). For attractive bosons in a quasi-one-dimensional wave guide the canonical ensemble even predicts that the thermal weakly-bound molecule-non-molecule crossover becomes a phase transition in the thermodynamic limit [26, 27] . However, as we will see, the energy fluctuations are anomalously large, making it necessary to re-investigate the transition on the level of the microcanonical ensemble. Furthermore, this implies that while the canonical ensemble is a powerful tool to describe both the high-and low-temperature phases [26, 27] , it fails to capture the physics of the crossover itself correctly for thermally isolated systems with ultracold atoms.
For N attractively interacting atoms (g 1D < 0) in one dimension, the integrable Lieb-Liniger-(McGuire) Hamiltonian [28, 29] is a very useful model
where x j denotes the position of particle j of mass m, and the interaction strength
is set by the s-wave scattering length a and the perpendicular angular trapping-frequency ω ⊥ [30] . For sufficiently large L [31] we have the ground state energy [29] E 0 (N) = − 1 24
and all excited energies [32] 
corresponding to the intuitive picture of solitonlets of size N r and their respective center-of-mass kinetic energies. The ground state wave function [31] . The size of the molecule can also be characterized by the single particle density (after replacing the delocalized center-of-mass wave function by a delta function at X 0 [32, 33] , which is identical to the mean-field result [34] )
In order to ensure that a finite-temperature phase transition does not violate the (Hohenberg)-Mermin-Wagner theorem [4, 5] , we use the thermodynamic limit [26, 27] 
where the particle number N, system length L, interaction strength g 1D and soliton length ξ N are defined in Eqs. (1), (2) and (6). We note that there is no off-diagonal long-range order 1 for bright solitons in the limit (7). The many-particle ground state can be viewed as consisting of a relative 2 wave-function given by a Hartree product state with N particles occupying the mean-field-bright-soliton mode
[see Eq. (6)]; and a center-of-mass wave function for the variable X 0 (cf. [32, 33] ). The one-body density matrix [36] 
which vanishes in the limit |x − x | → ∞ even after integrating over X 0 . Thus, there is no off-diagonal long range order in our system [27] ; the existence of bright solitons at low but non-zero temperatures in the thermodynamic limit (7) therefore does not violate the (Hohenberg-)Mermin-Wagner theorem [4, 5] .
However, there is a severe problem with the canonical description of the attractive Lieb-Liniger gas in 1D: the scaling of the specific heat [27] . The average energy E changes sign at the transition temperature from a negative value (3) -which scales ∝ N in the limit (7) -to a positive value ∝ N within a temperature range δT ∝ 1/N. By using the textbook results for calculating the specific heat [25] we thus obtain
near the transition temperature. Ensemble equivalence between MCE and CE would usually require a scaling not faster than N (rather than N 2 ) -as is the case outside the transition region [27] . Thus a complete description will require a micro-canonical treatment with fixed total energy (possibly including some very small energy uncertainty) within the MCE, which is the most suitable ensemble for state-of-theart bright soliton experiments [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Nevertheless we can profit from the CE result as we know what happens both at high temperatures (N single atoms) and at low temperatures (a single bright soliton containing all N atoms) [26, 27] . We only have to identify the energy regimes which correspond to these two phases. Note that the disagreement between MCE and CE only happens in the transition region of size δT which vanishes in the limit (7) and thus appears to be negligible for practical purposes. However, as we will see below, this region covers a huge energy scale and covers all experimentally accessible cases of realising bright solitons in a one-dimensional wave guide -as long as 3D effects can be discarded.
For very low total energies [E total E 0 (N)], when approaching the internal ground state energy [E total → E 0 (N)], only the internal ground state (plus some non-degenerate kinetic energy of the big soliton) is energetically accessibleas long as
For slightly higher (less negative) total energy, the only energetically accessible states are the N-particle soliton or, alternatively, an N − 1-particle soliton and a single unbound particle. Naively applying the Landau hypothesis 3 suggests that it must be the former as the only "allowed" options seem to be either the N single atoms or an N-particle soliton. However, when counting possible configurations the N-particle soliton will always lose compared to distributing the kinetic energy among two or more smaller solitons or solitons and single particles.
We hasten to add that there is of course no error in the derivation of the Landau hypothesis (footnote 3; page 2) as given in what is frequently considered to be an authoritative text on theoretical physics [37] . However, its powerful statement is based on assumptions that, while fulfilled by a huge class of models, are not fulfilled by the attractive Lieb-Liniger model. One example is that the size of many objects scales with the number of particles N the object is composed of; like neutron stars, bright solitons become smaller with larger particle numbers [Eq. (6)].
Here, as long as the total energy is negative, 0 > E total , within the MCE the configuration consisting of N single atoms is simply not energetically accessible (the N single atom case has a positive total energy) and the configuration of an N-atom soliton is in most cases statistically irrelevant. A summary of the three energy regimes can be found in Table I.
In order to gain a better understanding of what would happen in an experiment within the co-existence region
regime E total 0 0 E total > E 0 (N − 1) E 0 (N − 1) > E total MCE N atoms coexistence one large soliton TABLE I. For positive total energies, the micro-canonical ensemble (MCE) agrees with the canonical prediction that there are N single atoms [26, 27] . Contrary to the canonical predictions, the regime for which single atoms and solitons co-exist survives the thermodynamic limit (7), thus indicating that the general assumptions of the Landau hypothesis do not directly apply to the Lieb-Linger model when treated in the MCE. The only way to on average obtain an N-particle soliton is for very negative E total < E 0 (N − 1) and thus E total /E 0 (N) → 1 in the limit (7).
we will distribute a negative energy that is proportional to the ground state energy:
The number of possibilities to distribute N atoms among up to N solitonlets for the distinct energy eigenstates (4) is given by the number partitioning problem which asymptotically reads [38] Ω number partitioning (N)
When there is no kinetic energy, all energies of the type given in Eq. (4) lie between 0 and the ground-state energy as
Thus, for typical energies distributing all particles into all possible solitonlets would give an exponentially growing number of states (11) -but this grows only to the power √ N and as we show below is thus not the leading order contribution.
So far, the above considerations ignore distribution of the kinetic energy. For N single atoms and large enough kinetic energy E kin , the accessible number of states scales as for the classical gas. We note that quantum corrections are negligible as there is no condensation temperature for noninteracting Bose-gases in a one-dimensional translationally invariant wave-guide. Thus, all possible quantum corrections must vanish in the limit (7) because the transition temperature remains finite in the canonical calculations [26, 27] . Hence, the leading contribution to the total number of configurations reads [25] 
If E is (at least) extensive (∝ N), this thus grows considerably faster with N than the number partitioning problem (11) . Outside the crossover region there are no differences between the canonical and micro-canonical ensemble [see text below Eq. (8)], thus we can use the canonical predictions as a basis for our micro-canonical calculations. This confirms that the most probable outcome consists of solitonlets of size N r = 1 at high enough total energies. For positive total energies, all particles can be in such a state. However, for negative total energies this is no longer the case.
The large exponential growth (12) clearly suggests that we should have as many single atoms as possible. Thus, the negative total energy should be carried by one large soliton and there should be many solitonlets of unit size carrying kinetic energy:
It would of course be possible to increase the kinetic energy by adding a further larger solitonlet and reducing the number of single unbound atoms. But the scaling of Eq. (12) and the canonical treatment of the high-temperature phase [26, 27] clearly shows that these configurations are not statistically relevant. Thus, the leading contribution to the number of possible configurations is
Taking the leading order approximation
and then using
we can show that δN 1 /N 1 is indeed small for negative E total .
In the limit (7) and for E total ∝ E 0 (N), E 0 (N (0) 1 ) is independent of N (as is m). All other quantities (including L) are proportional to N. This yields the leading-order behaviour [39]
in the limit (7) where 0 = N/L and Ng 1D are constants. The Lambert W function W(x) solves the equation
Repeating the above calculation for E total > 0 we have as our starting point
and we have again that δN 1 → 0 in the limit (7). (14) and (17) as predicted by the MCE when approaching the limit (7). For high energies all atoms are unbound, for negative energies all atoms that are not in the largest soliton are unbound. A detailed description of the regime E total ≈ 0 (thin dashed line) is still an open question. Within the CE, outside a small temperature range δT that vanishes in the limit (7), only either an N-atom soliton or N unbound atoms can exist in thermodynamic equilibrium [26, 27] . Figure 1 shows the size of the largest soliton as predicted by the MCE. Parameters near E total ≈ 0 are consistent with soliton trains [40] [41] [42] which were observed in the experiment of Ref. [7] : for, say, five solitons of equal size, the total ground state energy would be only 1/25 of E 0 (in the absence of kinetic energy).
To conclude, the statistical ensembles MCE and CE are not equivalent for the Lieb-Liniger model with attractive interactions. The violation of ensemble equivalence is indicated by anomalous (canonical) energy fluctuations. We note that the existence of anomalous fluctuations -that have been discussed for condensate fluctuations [43] [44] [45] , both for noninteracting Bose-Einstein condensates [46] [47] [48] and for interacting models [49, 50] -has been questioned for interacting equilibrium systems [51, 52] .
The Landau hypothesis suggests that a large soliton and single unbound atoms cannot co-exist. While this is valid in the CE [26, 27] , in the MCE co-existence takes place -the assumptions on which the Landau hypothesis is based are valid for many models but not the Lieb-Liniger model with attractive interactions. This is not the only curious property of the translationally invariant attractive Lieb-Liniger model: it is one of the examples for which a 1D finite-temperatures phase transition exists [26, 27] ; another example can be found in Ref. [53] .
As state-of-the-art experiments arguably are best described by an isolated system without contact to a heat bath, neither anomalous nor normal energy fluctuations occur -but coexistence of the two phases does. Using a temperature to describe bright solitons would require a heat bath and is thus questionable for state-of-the-art bright soliton experiments in BECs [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Given that the temperature barely changes over the energy regime relevant for the existence of bright solitons, it seems to be easier to simply approximately give it as the transition temperature [26, 27] and calculate it for the experimentally relevant parameters, the result being practically identical for 73% of all particles occupying one large soliton or, say, 42%. As the corresponding energy difference is rather large, getting from one to the other requires more experimental effort than the tiny temperature difference might suggest. This behaviour is similar to water freezing or ice melting without any change of temperature. For bright solitons in the presence of a harmonic trap, classical field theory has been used to investigate the statistics of an attractive 1D Bose gas [54] , an approach that might help to investigate the open question about the statistics near E total ≈ 0.
The data presented in this paper are available online [55] .
